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Abstract 

We present a supersymmetric version of the two-brane Randall- Sundrum sce- 
nario, with arbitrary brane tensions T\ and T2, subject to the bound \T\ 2I < V~ 6A5, 
where A5 < is the bulk cosmological constant. Dimensional reduction gives N = 1, 
D = 4 supergravity, with cosmological constant A4 in the range ^As < A4 < 0. The 
case with A4 = requires T\ = —T2 = \J— 6A5. This work unifies and general- 
izes previous approaches to the supersymmetric Randall-Sundrum scenario. It also 
shows that the Randall-Sundrum fine-tuning is not a consequence of supersymmetry. 



*bagger@jhu.edu 

t belyaev@pha. j hu . edu 



1 Introduction 



During the past few years, co dimension-one branes have been the subject of intense 
activity. Much of this work was sparked by Randall and Sundrum, who showed how 
co dimension-one branes can solve the gauge hierarchy problem Q. In this paper we 
consider supersymmetric extensions of the original five-dimensional Randall-Sundrum sce- 
nario. We compactify the fifth dimension on an 5 ,1 /Z 2 orbifold, and place co dimension-one 
branes at the orbifold fixed points. We require odd bosonic fields to be continuous across 
the branes, but we let odd fermionic fields jump in a way that is consistent with their 
five-dimensional equations of motion. 

In previous work on this subject, the brane tensions were tuned to be equal and 
opposite, and equal in magnitude to the five- dimensional bulk cosmological constant, 
appropriately normalized 0-0. In this paper we relax this condition and allow arbitrary 
brane tensions. We present a bulk-plus-brane action and find the conditions under which 
it is locally supersymmetric. Our results imply that the Randall-Sundrum fine tuning 
is not a consequence of supersymmetry: it must be imposed by hand to obtain a flat 
effective four-dimensional theory.[] More generally, our construction allows the locally 
supersymmetric five-dimensional theory to have effective four-dimensional theory with a 
negative or zero cosmological constant. 

Moreover, in previous work, the bulk gravitino mass was taken to be either even 0] 
or odd || (|, |[] under the Z 2 parity. The approach presented here allows the results to be 
continuously connected - even in the case of arbitrary brane tensions. Our results show 
that there is no conceptual difference - at least in the absence of matter - between the 
two cases previously considered in the literature. 

The paper is organized as follows. In section 2 we present the supersymmetric bulk- 
plus-brane action, together with the corresponding supersymmetry transformations. We 
find that supersymmetry requires the brane tensions to have magnitudes less than or equal 
to the bulk cosmological constant, appropriately normalized. In section 3 we compute 
the low energy effective action. We keep the radion field fixed and derive the effective 
action for the four- dimensional supergravity multiplet. We show that the reduction leads 
to a locally supersymmetric theory with a negative or zero cosmological constant. We 
summarize our conventions and present details of our calculation in Appendices A and B. 

2 Locally supersymmetric bulk-plus-brane system 
2.1 Bulk-plus-brane action 

In this section we present our five dimensional bulk-plus-brane action. We start with pure 
N = 2, D = 5 supergravity, with cosmological constant A 5 = — 6A 2 . The cosmological 
constant arises from gauging a U(l) subgroup of the SU(2) automorphism group, deter- 
mined by a unit vector of real parameters q = (qi,q2, 93)- The action and supersymmetry 

tucker came to a similar conclusion using the off-shell formalism ||, but he was unable to find the 
Killing spinor that describes the unbroken supersymmetry. 
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transformations JFJ are given by f\ 



S hnlk = J d 5 xe 5 { - l -R + 6A 2 + l -¥ M T MNK D N * Ki -^Xq- a^\^ MN ^ Nj 



1 Fmn F mn - i^F MN (2* M **f + ¥ P V MNP ^ Q „ 



and 



5ei = iH i T A "fy Mi 
5B M = i^&t/Hi 

a/6 

5^ Mi = 2 [D M Hi - i—\q ■ Vi 3 B M Hj) + i\q ■ Y M Hj 

(Tmnk — ^9mk^n) F NK Hi, (2.2) 



where we drop all three- and four-Fermi terms, and the spinors are symplectic Majorana 
(see Appendix A). For the case at hand, we write a symplectic Majorana spinor as 
follows, 

where ip\ a and ip2a are two-component Weyl spinors. 

We take the fifth dimension to span the orbifold M/Z 2 . We work on the covering 
space and require that the action and supersymmetry transformations be invariant under 
reflection z — > —z, where z = x 5 is the coordinate in the fifth dimension. (We consider 
S 1 /Z2 later in this section.) We assume the action is even under reflection. We then 
choose e^, 771 and A to be even, which fixes the remaining parity assignments: 



even : d m e a m e\ B b 771 ip m i ip 52 qi,2 A 
odd : <9 5 e 5 m e% B m r] 2 ip m2 tp 51 q 3 , 



(2.4) 



where (771,772), (^1,^2) and (^51, ^52) are the two-component spinors in Hi, ^ m i and 
respectively. 

The orbifold fixed point at z = can be viewed as a 3-brane, S, parametrized by the 
coordinates ). We take even fields to be continuous across the brane. 

Odd fields, in general, can be discontinuous across S, with a jump that is twice their 



2 The supersymmetry is N = 2 because it corresponds to a supersymmetry algebra with two indepen- 
dent supercharges, each belonging to the smallest spinor representation (pseudoreal, of real dimension 4) 
of the Lorentz group 50(1, 4) 0. However, because this is the minimal algebra in D = 5, this theory is 
sometimes called N = 1. 
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value on either side of the brane. We make the effects of this discontinuity explicit by 
redefining all odd fields and parameters as follows, 

e(z) B m 

e (z)V5i (2-5) 

where e(z) is the sign function on R. After this redefinition, all fields are even; the odd 
parity arises because of the e(z) terms. In what follows, we write all expressions in terms 
of the redefined fields. 

The discontinuities in the fields are induced by the brane action. We take 

SWane = J <^ Xe i [~3Al - 2ai^ m iCr™Vnl + h.C.] 

= Jd 5 xe 4 [-3\ 1 -2a 1 ip ml a mn ip nl + h.c.)5(z). (2.6) 

The bosonic piece describes the brane tension, T\ = 6X±. The fermionic term is necessary 
to supersymmetrize the full bulk-plus-brane system for arbitrary q. 

The bulk-plus-brane equations of motion can be readily computed. In terms of the 
redefined variables, the bosonic equations contain terms proportional to S'(z) and S(z) 2 . 
We eliminate these terms by demanding that all odd bosonic fields vanish on the brane, 

el = e% = B m = 0, (2.7) 

on S. (This implies that on £ is the induced veirbein, so d^xe^ is the invariant 
integration measure on the brane.) The equations of motion for and ipmi contain 
terms proportional to S(z). These terms cancel when 

^ma% = £{z)Xxe ma (2.8) 

^m2 = aiV>ml, (2.9) 

on E. The first condition restricts the spin connection on £; it is a Neumann boundary 
condition for the metric g mn . The second condition identifies the two gravitini on the 
brane. 



£(z er 



V2 



„a _ 
e 5 


^£ 


» 


eg, 


B m 


m2 ~ 




» 






Q3 - 




» 


13, 





2.2 Supersymmetry transformations 

Consistency of the bulk-plus-brane theory requires closure of the supersymmetry algebra 
and preservation of the boundary conditions on S. To check the closure, we convert the 
transformations ( ^.2[ ) to two-component notation and carry out the redefinition ( J2.5Q (see 
Appendix B). It is not hard to show that the algebra closes, except for the following 
singular term, 

[<% 6 v ]e% = ...+ 8ir] 2 a%S(z) + h.c. (2.10) 
We cancel this term by modifying the transformation for ip^'- 



~>2 



-Arj 2 6(z). (2.11) 

old 
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This modification makes £^52 finite on E and restores the consistency of the supersym- 
metry algebra. 

Supersymmetry also requires that the boundary conditions (|2.7|) be preserved: 



8e 5 m = 5e a b = 5B m = 0, (2.12) 
on S. This imposes additional boundary conditions on the fermionic fields: 

772 = «i?7i (2.13) 

V>51 = -«^52, (2.14) 

on S. 

The boundary conditions (|2.8| ), (|2.9|) and Q2.14j ) must themselves be maintained under 
supersymmetry. Equation (|2.9|) requires the vanishing on £ of 



atiSipmi - 54> m2 = -2?7i9 m ai + iMa m ri x , (2.15) 

where 

M = Ai(l + a^le 2 ) + A (a x q{ 2 + a\q l2 + (a^e 2 - l)q 3 ) (2.16) 

and q\2 = qi + %q 2 - Equation ( j2.15| ) implies that a\ is constant on E. It also implies 
M = 0, which gives the following relation between Ai and a±: 

Ai(l + + A {aiq* 12 + + (aia* - l)q 3 ) = 0, (2.17) 

where we have used the fact that e 2 = 1 (on E and in the bulk). The variations of 
eqs. ( |2.14|) and (|2.8| ) give boundary conditions on and d^ m2 , respectively. 

We now have what we need to check the invariance of the bulk-plus-brane action under 
supersymmetry. The total variation receives three contributions: two from the bulk and 
one from the brane. The first contribution comes from the redefinition q 3 — > s(z)q 3 in the 
bulk action: 

S^S B = Jd 5 xe 4 [6\q 3 (a l a* 1 e 2 - l) i^a" 1 ^ + h.c] 5(z). (2.18) 

The second contribution arises from the modification (|2.11|) of the supersymmetry trans- 
formation: 

S^S 5 = J d 5 xe 4 [ - 4a lVl a mn D m ^ nl + 4a^ nl a nm D mVl - v / 6^ 1 e§F w5 ^ 1 ^ 1 

+6 (\iaia\e 2 + \{a[qi2 + aia[e 2 q 3 )) iii m ia m rj 1 + h.c. S(z) . (2.19) 

The third contribution comes from the variation of the brane action. The supersymmetry 
transformations are induced from the bulk, 

5e a m = + a^le 2 ) r]i^ m i + h.c. 

5ip nl = 2D n r]i + % (A [q* l2 + a[e 2 q 3 ) + \xa\e 2 ) a n rj 1 

-^ielF^iank + gnk)^. (2.20) 



The variation of the brane action is then 



6S B = I d 5 xe 4 [-Sa 1 ij nl a nm D m r ]l + ^ia^F™ 5 ^^ 

+6 (A x (l + 2a l a\e 2 ) + + a 1 a* 1 e 2 q 3 )) ii) mX o m ri x + h.c]8(z). (2.21) 

In these expressions, we have used the boundary conditions for the fermions and the spin 
connection u, 



The supersymmetry variation of the bulk-plus-brane action is the sum of Q2.18D , ( |2.19| ) 

S(S 5 + S B )= [ d 5 xe 4 



and (|2~21 



D m (-4a 1 i/; nl a nm 7i 1 ) + GiMil> ml (T m rj 1 + h.c. S(z), (2.22) 



where 



M = Ai (1 + 3«ia*e 2 ) + A («ig* 2 + a\q l2 + (3ai«*e 2 - l)g 3 ) . (2.23) 

The derivative term in eq. ( [2.22 ) integrates to zero because the hatted derivative, defined 
in ( |A.13|) , reduces to the covariant derivative on E. The other term vanishes, M 5(z) = 0, 
because of (|2.17|) and the fact that e 2 5(z) = ^8(z). Therefore the full bulk-plus-brane 
action is supersymmetric, without any further conditions. 

Equation ( |2.17[ ) defines the brane tension Ai in terms of a±, 

a x q{ 2 + alq 12 + (a^l - l)q 3 



Ai 



-A. 



(2.24) 



1 + aial 

Using the (complex) Cauchy-Buniakovsky-Schwarz inequality, \a ■ b\ 2 < \a\ 2 \b\ 2 , we find 

y) 2 <g 2 = l- (2.25) 
This equation places an upper limit on the absolute value of the brane tension. 



2.3 Two branes 

This construction can be readily generalized to include a second brane. We now take the 
x 5 direction to have the topology of a circle S 1 , and use the following parametrization for 
the fifth dimension, 

S 1 = {-z 2 , - Zl ] U [z u z 2 ], e{z) = { + \ Z 1 S }Z {Z1 ' Z2 \ (2.26) 

[-1, z e Si = {-z 2 , -zi), 

where we identify —z\ = z\ and — z 2 = z 2 . With these definitions, e'(z) changes to 

e'{z) = 2[5(z - Zl ) - 5(z - z 2 )} = 2[5 1 {z) - 5 2 (z)}. (2.27) 

The parity operation identifies z with —z. It gives rise to two fixed points, located at z\ 
and z 2 . As before, we place 3-branes at the fixed points. We take all fields and parameters 
to have the parity assignments (|2.4|) , so their values in z G Sl_ are completely determined 
by those in z e S 1 }. We work with fields redefined following ( |2.5| ) . 
We construct the supersymmetric bulk-plus-brane action by 
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1. introducing independent brane actions at the fixed points Si and £ 2 , 
S B = I d 4 xe 4 [-3Ai - 2« 1 ^ ml a m >„i + h.c] 

d 4 xe 4 [-3A 2 - 2a 2 ^ ml a mn ^ nl + h.c] (2.28) 

d 5 xe 4 [-3(Ai«J 1 (z) - A 2 5 2 (z)) - 2(cn£i(*) - a 2 6 2 (z))VWL<r mT Vni + /i.e.] , 

2. modifying the supersymmetry transformations, 



Sip 52 = 5ip, 



r ,2 



4(«A( 2 )-a 2 5 2 ( Z ))f /l , (2.29) 



old 

3. and imposing the following boundary conditions^ on S 12 : 

e m = e 5 = B m = 0, w ma g = e(z)\ 1)2 e ma 

V2 = a 1>2 r}i, i) m2 = a li2 ip m i, foi = ~Ch >2 ip52, (2.30) 

where a,i >2 G C and Ai )2 G E are constants, related as follows,^ 

Ai 2 = Qi,2gi2 + a*,2gi2 + (ai,2ai,2 ~ j0g3 A ^ 31 ^ 
1 + ai )2 af i2 

The brane tensions T\ = 6Ai and T 2 = — 6A 2 are bounded by the inequality 

|Ai, 2 | < A. (2.32) 

In the next section we will see that the bulk-plus-brane system has a consistent dimen- 
sional reduction down to four dimensions. The resulting effective theory is N — 1, D = 4 
(on-shell) supergravity with zero or negative cosmological constant. 

3 Effective action 

In this section we derive the effective action for the supergravity zero modes and i/j m . 
For simplicity, we ignore the radion multiplet and set the radion field at its expectation 
value. The zero modes for e^, eg and B m vanish because of the boundary condition ( |2.7| ). 

For the following, we restore the gravitational coupling k% by rescaling the action and 
fields as 

S -> k%S, B M -> hB M , i[) M -> h4>M- (3.1) 



3 The boundary conditions are determined by the parity assignments and the jump conditions that 
follow from the brane action. We could have worked on the interval, instead of the covering space S 1 
with the orbifold identifications. These boundary conditions would have then guaranteed vanishing of 
the boundary term of supersymmetry variation for the bulk action with arbitrary q. 

4 The results of || and J|, [|, ^ follow from ours if one sets q = (— 1, 0, 0), a\ = a 2 = 1 and q = (0, 0, 1), 
a.\ = a 2 = 0, respectively. In each case Ai = A 2 = A, which corresponds to the original Randall-Sundrum 
scenario with opposite-tension branes. The case with |Ai| = | A2 1 < A and ol\ = a 2 — was discussed in 
ref. Bl. 
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3.1 Bosonic reduction 

We first carry out the dimensional reduction for the bosonic part of the action. We take 
our ansatz to be 

e a m (x,z)=a(z)e a m (x), el = e% = 0, ef = 1, B m = B 5 = 0. (3.2) 
With this ansatz, the five- dimensional interval is 

ds 2 = gMNdx M dx N = a 2 (z)g mn (x)dx m dx n + dz 2 , (3.3) 
and the connection coefficients are 

^mab = ^mab, ^ m a5 = ~ a '( z ) e ma, &5ab = ^5a5 = 0, (3-4) 

where uj mab is the four- dimensional connection for e^. 

Since Bm = 0, the bosonic part of the bulk-plus-brane action is 

k\S B = Jd 5 xe 5 (-±R-A 5 ^j -J d A xe A Ti - J d A xe A T 2l (3.5) 

where A5 = — 6A 2 , T\ = 6A1, and T2 = — 6A2. The five-dimensional Einstein equations are 

G mn = (A 5 + Ti<5i(z) +T 2 S 2 (z))g mn , G m5 = 0, G 55 = A 5 , (3.6) 

where Gmn — Rmn — \Rqmn is the five- dimensional Einstein tensor. 

The G m5 = equation is trivially satisfied for our ansatz. The other two equations 
reduce to 



G, 



3(aa" + O - 6AV + 6(AA(» - \ 2 5 2 {z))a 2 g mn (3.7) 
R = -12(a ,2 -AV), (3.8) 



where G mn and R are the four- dimensional Einstein tensor and scalar curvature for the 
metric g mn . 

Using separation of variables, we split eq. Q3.7p into 

G mn = A^g mn , (3-9) 

and 

3(aa" + a' 2 ) - 6AV + 6(Ai<fi(z) - \ 2 5 2 {z))a 2 = A 4 , (3.10) 

which are equations for g m n(x) and a(z), respectively. The separation constant A 4 is the 
cosmological constant in four dimensions, according to equation (|3.9| ). We will soon find 
that supersymmetry requires A4 < 0. For this case we write 

A 4 = -3A 2 AT 2 . (3.11) 

(For the bosonic reduction alone, the case with positive cosmological constant is obtained 
by replacing K 2 — > —K 2 here and in eq. (|3.14 ) below.) 
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The delta functions in eq. ( 3.10Q must be cancelled by corresponding singularities of 
a" (z). Since a(z) is an even function on S' 1 /Z 2 , we write 



a(z) = ao(y), y = e(z)Xz = X\z\ 



(3.12) 



where a (y) is a smooth function on R. The derivatives of a (y) are well-defined, and we 
have 

a"(z) = X 2 a''(y) + 2\{5 x {z) - S 2 (z))a' (y). (3.13) 
With these redefinitions, eqs. ( p.7|) and (|3.8| ) are simply 



with boundary conditions 



a'o = a , a' 2 = a 2 Q - K 2 



A 12 = -A-^(t/i2 
a 



(3.14) 
(3.15) 



The latter follow from the boundary conditions for the connection c^ ma g. 

We now proceed to find the effective action, without explicitly solving for the warp 
factor a . Indeed, using ( |3.14j ) and ( |3.15| ), together with 



and 



R = a~ 2 (R + 8aa" + 12a' 2 ) 

X 



dza^a' (5i(z) - 5 2 (z)) 



dz(a\a' Q )\ 



we cast ( |3~5|) in the form 



S B = -p- <j>dzal Jd 4 xe 4 ^ — ^R — A 4 j , 



(3.16) 
(3.17) 

(3.18) 



where e 4 = det(e^) = ^/— det (g m n)- If we define the effective four- dimensional gravita- 
tional coupling to be 

(3.19) 



P P T 



we recover the action for four- dimensional gravity with a cosmo logical constant A4, 



S 



B 



1 

k\ 



axe± ( R — A, 



(3.20) 



Equations ( |3.9|) follow from this action, so the dimensional reduction is consistent. 
It is easy to solve eqs. (|3.14|) to find the explicit form for the bosonic warp factor (1C 



A 4 = -3A 2 fT 2 AdS 5 -> AdS A a (y) = K cosh(y - y ) |A lj2 | < A 

A 4 = AdS 5 ^Mink 4 a (y) = exp(±(y - y )) X 1 = A 2 = =fA (3.21) 

A 4 = +3X 2 K 2 AdS 5 -> dS A a (y) = Ksinh(y - y ) \X lj2 \ > X. 

(We use dS/AdS/Mink to denote a theory with positive/negative/zero cosmological con- 
stant.) The restrictions on Ai^ follow from boundary conditions ( |3.15|) and the fact that 
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I tanh(y)| < 1. The case A 4 = corresponds to the usual Randall-Sundrum scenario with 
two opposite-tension branes. 

In the previous section we found that local supersymmetry places a restriction (|2.32|) on 
the brane tensions: |Ai i2 | < A. This implies, according to ( |3.21| ), that local supersymmetry 
restricts the effective four-dimensional theory to be AdS^ or Mink^. Note that for Mink^, 
the parameter yo in ( |3.21 ) is arbitrary and interbrane distance is not fixed. For AdS^ the 
boundary conditions ( |3.15|) imply y = y\ + Arctanh(Ai/A) and fix the proper distance 
Az in terms of Ai, A 2 and A: 



XAz = Arctanh(Al) - Arctanh(^) = 1 In + 

A A 2 (A + A2) (A — Ai) 



(3.22) 



The effective cosmological constant A4 is determined once we normalize the bosonic 
warp factor. It is natural to require that ao(y) is unity at the location of an observer 
(so that s/he uses the same time and distance scales for both the five- dimensional and 
effective four-dimensional theory). When effective theory is AdS^, we use cosh(y) > 1 to 
find that < K < 1 and 

-3A 2 < A 4 < 0. (3.23) 



3.2 Fermionic reduction 

The fermionic part of the four- dimensional effective action is fixed by supersymmetry. 
The five-dimensional gravitini must reduce to a four-dimensional gravitino ip m (x), while 
the five-dimensional supersymmetry parameters must reduce to a four-dimensional spinor 
r)(x). These considerations motivate the following ansatz for the fermionic fields, 



771(2;, z) = px{y)ri{x), Vmi(£, z) = lPi{y)^m{x) i^5i{x, z) = 0, 
772(2;, z) = (3 2 (y)r)(x), ip m2 (x, z) = 7/3 2 (y)V'm(^), ^52(2:, z) = 0, 



(3.24) 



where the complex warp factors are functions of y = X\z\, just like ao is a function of y in 
eq. CHI). 

Supersymmetry imposes the following consistency conditions on this ansatz: 



(3iSip m2 
The first condition requires 



52 



0. 



(3.25) 



a 



mPifc + QuPifo + <&W1 - faff) 



This equation, restricted to the fixed points, together with boundary conditions 



"1,2 



0: 



■(2/1,2) 



(3.26) 



(3.27) 



and ( |3.15| ), implies the relation ( |2.31| ) between Ai j2 and ai )2 . The other two conditions, 
^"051 = an d 5ip 52 = 0, give rise to the following equations, 



2$ = <&fo ~ q s /3i, 2(3' 2 = q 12 /3 1 + q 3 (3 2 . 



(3.28) 
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They permit the right-hand side of eq. (|3.26| ) to be written as fizfl^)' ■> which implies 

that the bosonic and fermionic warp factors obey 



2" 



(3.29) 



up to a multiplicative constant that we set equal to unity 

These conditions are sufficient to find the supersymmetry transformations of the four- 
dimensional fields. Using the five-dimensional transformation <5e^, together with the 
combination PiSip m i + /3|5"0m2> we find 



5^ 



ik 5 ^*r]a a ^p m + h.c. 
2D m r] + i\ga m T), 



(3.30) 



where 



9* = gi2& 2 - qnP! + 2q 3 P 1 p 2 . (3.31) 
Equations ( [3.28 ) and (|3.29|) assure us that g is a constant, and relate it to K as follows, 



99 = a o- a o 



K 7 



(3.32) 



The four-dimensional supersymmetry transformations ( |3.30| ) take their usual form if we 

set 

7 = y- (3-33) 

To find the effective action, we first note that the V'miC m ""0n2^i,2(^) terms from the 
bulk action exactly cancel the aix,2' l l } mi ' m ' n " l Pni^i,2( z ) terms from the branes. Therefore the 
fermionic part of the bulk-plus-brane action reduces to 



d 5 xe 4 ^e mpnk (^p ml a p D n ij kl + ^ m2 o v D n ^ k2 
+e{z) (^ ml a mn 8^ n2 - i> m2 a mn d^ nl 

3A 



<?i2?/Wa mr V n i - gi* 2 ?/W""V n2 + 2q^ ml a mn ^ + h.c.y (3.34) 



Using eqs. fl3~28|) , ( gT29l) and (|3~3l| ), as well as 



Or. 



a <J n 



a 



a a , e 



mpnk 



an e 



4-~mpnk 



G4 — ^Q^4? 



we transform this action to 



7 ® dza / d xe 4 



-^ k ^ m %D n ^ k - \g*ij m a mn ij n + h.c. 



(3.35) 



(3.36) 



The normalization conditions ( |3.19| ) and ( p.33| ) ensure that §dza\ = 1. Together with 
the bosonic part, the total effective action is therefore 



S 4 



d A xe 4 { -2 --R + 3A%* + 



-e^V^A^fc - \g*iJ m S mn ^n + h.c. 



(3.37) 
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which is the correct action for locally N = 1 supersymmetric theory in four dimensions. 
This completes the dimensional reduction. 

If we restrict 'g mn {x) to be the metric for the maximally symmetric anti-de Sitter 
(or Minkowski) background, the local supersymmetry breaks to N = 1 global super- 
symmetry. The unbroken supersymmetry is described by the five- dimensional spinors 
771,2 = Pi,2{y)vi x )y where 7](x) is now fixed to be the four-dimensional Killing spinor in 
the g mn (x) background fLl] . 



We also present here explicit solutions for the fermionic warp factors. Equations (|3.28| ) 
are straightforward to solve. We first note that 4/3" 2 = ^x,2 and, using the boundary 
conditions ( |3.27|) , we obtain the following expressions, 

(3i(y) = b cosh^(y-y 1 ) + (ql 2 a 1 -q 3 )b smhl(y-y 1 ) (3.38) 
faiv) = &ih cosh \(y - y x ) + (q 12 + «ig 3 )^o sinh |(y - y x ). (3.39) 

The overall constant 60 is fixed (up to a phase) by the normalization of the bosonic warp 
factor. Substituting these expressions into ( |3.31| ), we find 

g* = b 2 (q 12 -q* 12 a 2 + 2q 3 a 1 ). (3.40) 

We distinguish two cases. If «i is a root of 

qu - ql 2 a i + 2g3"i = 0, (3.41) 

the effective theory is Mink^. This equation implies q\ 2 a,\ — q 3 = ±1 and qn+Qs&i = 
which permits us to write 

lb h* 

= 6 exp(±|y), (3 2 {y) = aMy), a (y) = -^JL eX p(±y). (3.42) 

1 =F q-i 

The boundary conditions ( |3.15|) and ( |3.27| ) require a 2 = a± and A2 = Ai = =fA, indepen- 
dent of the interbrane distance. 

For any complex a± which is not a solution of ( |3.41| ), the effective theory is AdS^. The 
value of Ai is determined by a±, 

so I Ai| < A. We introduce the real variable y\ = Arctanh(Ai/A) and, using ( p.29|) and 
( |3.38 ), cast the bosonic warp factor in the following form, 

a (y) = Kcosh(y-(y 1 + y 1 )), (3.44) 

where 

K=\g\ = 6 o 6 o( 1 +^i Q! i) | (3.45) 
cosh yi 



For a given separation of the branes, Ay = y 2 — yi, the boundary conditions (|3.15|) and 
( p.27| ) determine the values of a 2 and A2, 

"i + (qi2 + aig 3 )tanh(|Ay) Ai-AtanhAy 

a 2 = ; -pf- — — , A 2 = A — — . (3.4o) 

1 + {q\ 2 ai — Qs) tanh(i Ay) A — A x tanh Ay 
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It is not hard to check that a 2 and A 2 are related by eq. (|2.31|) and furthermore, that 
a 2 cannot be a solution of (|3.41 ). Alternatively, for a given ol\ and a 2 , the interbrane 
separation is 

Ay = 2Arctanh f " 2 - - ] . (3.47) 

\9i2 - q{ 2 oiiOL2 + 93 (ai + ot 2 ) J 

This equation is equivalent to Q3.22 ), since Ai )2 are given by eq. ( [2.31| ). 

The fact that the argument of Arctanh must be real and of absolute value less than 
unity implies that a 2 cannot be chosen completely independently of a,\. For example, if 
g 3 = 1, this restricts a\ and a 2 to have the same complex phase, 

a x = r ie ie , a 2 = r 2 e id . (3.48) 

For given Ai i2 , the absolute values of a^ 2 are determined as 

^ ^ ^ ^1 2 

7*1,2 = cosh yi s 2 — sinhyi j2 , yi i2 = Arctanh(— ^-). (3.49) 

A 

For q 3 7^ 1, one can first rotate to q ' = (0,0, 1), as explained in Appendix |B|, then use 
the above result and rotate back, arriving at 



1 - 93 + qune 19 1 - <?3 + 9i2?"2e J , 

a i = 71 \ To 7"' "2 = jz s - e -, (3.50) 

1 - qs^e 10 - q* 12 1 - q 3 )r 2 e ld - q* 12 



where ri j2 are given by the same expressions, and 9 is arbitrary. The apparent singularity 
at g3 = 1 is a consequence of trying to cover the sphere q 2 = 1 using a single coordinate 
patch. 



4 Summary and conclusions 

In this paper we presented a general bulk-plus-brane action for the supersymmetric 
Randall-Sundrum scenario. The bulk action is that of iV = 2 supergravity, compacti- 
fied on a five-dimensional 5' 1 /Z 2 orbifold. The brane action contains supergravity fields 
induced from the bulk. The bulk gravitino mass depends on a vector q, parametrizing a 
point on the sphere 5* 2 . 

We demonstrated that our bulk-plus-brane action has local N = 2 supersymmetry, 
constrained by boundary conditions for the fields and supersymmetry parameters. The 
boundary conditions are those implied by consistency of the five-dimensional equations 
of motion and supersymmetry transformations. For the action we considered, the brane 
tensions T\ = 6A1 and T 2 = — 6A 2 respect an upper limit, expressed in terms of the bulk 
cosmological constant, A 5 = — 6A 2 , as |Ai j2 | < A. 

We also presented a consistent dimensional reduction for the bulk-plus-brane sys- 
tem. We derived the action and the supersymmetry transformations in a background- 
independent way, without explicitly solving for the warp factors. The effective action is 
that of minimal N = 1 supergravity in four dimensions, with zero or negative cosmological 
constant. The effective cosmological constant is zero if and only if Ai = A 2 = ±A, which 
corresponds to the original Randall-Sundrum scenario with two opposite-tension branes. 
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Our results show, however, that the Randall-Sundrum fine-tuning is not a consequence 
of supersymmetry. For all other | Ai 2 1 < ^> we consistently obtain N = 1-supersymmetric 
effective theory in a space with a negative cosmological constant, limited by 

^A 5 < A 4 < 0. (4.1) 

When A5 is nonzero, the gravitino mass localized on each brane is determined by the 
brane tension and the bulk cosmological constant. In contrast to flat space, supersymme- 



try cannot be broken spontaneously by changing the brane masses, as was done in fP2 
Spontaneous supersymmetry breaking for warped geometries is discussed in ||, [13], [14]]. 

Acknowledgements. We would like to thank A. Falkowski, D. Nemeschansky, S. 
Pokorski and R.-J. Zhang for helpful discussions. This work was supported in part by the 
U.S. National Science Foundation, grant NSF-PHY-9970781. 

Note added. When A 5 7^ 0, the SU(2) automorphism symmetry of the bulk action 
is broken to a U(l) R-symmetry that depends on q. The transformation \l/ m j — > ty' mi = 
Ui^mj leaves the bulk action ( |2.1| ) invariant for U = exp[i(q •<?)</>], where <fi G K.. It is a 
symmetry of the full theory if it also preserves the boundary conditions ( |2.30 ). This is the 



case precisely when eq. ( |3.41| ) is satisfied, that is, when effective theory has A 4 = 0. The 
£7(1) R-symmetry of the five- dimensional theory gives rise to a U(l) R-symmetry of the 
effective theory, %j) m — > ip' m = exp(=F«0)^ m . We thank A. Nelson for raising this question. 



A Conventions 

In this paper we adopt the following index conventions, 

M,N,P,Q,K coordinate space M = {m, 5} m = {0,1,2,3} 
A,B,C,D,E tangent space A = {a, 5} a = {6, 1,2,3} (A.l) 
i,j SU(2) i = {l,2}. 

We denote the determinant of an n-bein by e n : 

e 5 = dete^, e 4 = dete^, e 4 = dete^. (A. 2) 

The fiinfbein ej^ (and the veirbein e^J allow one to convert between the two types of 
indices, 

V ^_ p A T _ A p B MNPQK _ MNP QK ABODE I a o\ 

J- M — e M At 9MN — &M^N lABi £ — e A e B e C e D e E e ' K 1 ^- ) 

The gamma matrices obey the following relations, 

{T A , T B } = -2r] AB , t]ab = diag(- + + + +) 

YABCDE _ _ f ABODE e 6i235 _ _|_]^ f abcd% _ f abcd /j^ ^\ 
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and 

T ABCD = e ABCDE T ^ T ABC = ^ABCDE^^ T AB = | |pA r B] = 2E AB (A 5) 



The reduction to two- component notation [15] exploits the following representation 
for the gamma matrices, 

>- ^ (£ o ) ■ ^ ^ ( o 8 ?) - * - (C A) ■ ^ "5 (4- o ) ■ (A-0 

The charge conjugation matrix is taken to be 

i<J 2 \ _ /— e a/3 



c =ro ^J = l o (A ' 7) 

With this representation, a four-component Dirac spinor, its Dirac conjugate and its 
Majorana conjugate are 



vl/ = , \£r = *tr 6 = Via), * = 



-V?, (A.8) 



A symplectic Majorana spinor obeys the following condition 

& = %. (A.9) 

We take 

*'=* 1 =K"> (A ' 10) 

The covariant derivative and its commutator on a Dirac spinor are given by 

D M V = d M V + \u MAB Y, AB m, [D M , D n ]V = \R M nab^ Ab ^. (A.ll) 
The connection coefficients, curvature tensor and scalar curvature are defined as follows 

umab = 2 e A e B( e Mc9[N^ K ^ — e N cd[ K e M ^ — e KC di M e N ]) 

RmNAB = 9m^NAB ~ 9nUJ M ab + UJ NA° UJ MCB ~ ^MA ^NCB 

R = e MA R MA = e MA e NB R MNAB . (A.12) 
We introduce a hatted covariant derivative by splitting Dm as 

{D M ^i = D M ipi + \^Ma% (ja " l h 

Dm^ 2 = D M ^2 - \u Ma% o a ^ x (A.13) 
D M ip = d M ip + \uj M abV ab i)- 

When = eg = 0, D m becomes the covariant derivative for e a m . When, in addition, 
= a(z)e^ n (x), D m is also the covariant derivative for e^(x). 
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B The bulk supergravity action 

The action of pure N = 2, D = 5 supergravity without a cosmological constant is invariant 
under the SU{2) rotations *' Mi = Uj^Mj- The rotation U G SU{2) can be written in 
terms of the Pauli matrices, 

U ] U = 1, det(ff) = 1 W = u a +iu-a, u , u t el, u 2 + u 2 = 1. (B.l) 

A cosmological constant is introduced by gauging a t/(l) subgroup of the SU(2). The 
gauge coupling breaks the symmetry and changes the covariant derivative Dm*ni into 

D M *m ~ \ fe\B M Qjm Nj , where 



Q f = -Q, Tr(Q) = =► Qj = iq-3 = i( * 91 (ft G R. (B.2) 

The matrix for the SU(2) rotation on the two-component spinors, ^ = U^i/jj, is given by 

?7 = M a + i{-u x ai - u 2 a 2 + u 3 a 3 ) = a 3 Ua 3 . (B.3) 
Any such rotation can be compensated by changing Q 

Q' = UQU^ = (u + iu ■ a)iq ■ a(uo — iu ■ a) = iq ■ a 

q ' = q + 2u x (u x q) — 2u (u x q). (B-4) 

With these conventions, the action of gauged supergravity isf] 

S S = J d 5 xe 5 { -\R + 6AV 2 + % -V M T MNK D N ** Ki + z^A^E^Q^ 
-\f MN F mn - i^F MN (29™*? + & P r MNP *9 Qi 



1 £ MNPQK FmnFpqBk _ ^XB^TMNKQ^^y (R5) 



6\/6 

For constant parameters, the Lagrangian is invariant (up to a total derivative) under the 
following supersymmetry transformations 

5ei = iH l T A 9 Mi 
5B M = i^-¥ M Hi 

/fi 

5V Mi = 2(D M H i -^\B M Q i j H j )+\T M Qi j H j 

' (Tmnk - ^mkVn) F NK U l . (B.6) 



2y/6 

5 We assume q 2 = 1. This makes the cosmological constant A5 = — 6X 2 q 2 — 3X 2 Tr(Q 2 ) independent 
of q. Our definition of follows ref . H . 
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If the parameters are not constant, as when we change constant q% by a function e{z)q^, 
the variation of the action is 

5S 5 = J d 5 xe 5 [d m {. . . ) M - [ei^E^Hj + ^\ 4 T MNK n 3 B K \ d N (\Qj)} . (B.7) 

The action and transformation laws can also be written in terms of two component 
spinors. We use the identities 



YUi = i^i r^i + h.c. 

i¥ r Qi j Hj = -g 3 *i gi2^ 2 rn 1 + h.c. , 



(B.8) 



where qi 2 = qi+iq 2 , T= r^r^ 2 . . . T An , and and 7i % are arbitrary symplectic Majorana 
spinors. We carry out the redefinition ( |2.5| ) and set c h m = e§ = B m = 0. The fermionic 
part of the bulk action is then 



S, 



5F 



d 5 xe 5 el{-e mpnk (e 2 iJ m2 W p D n ij k2 + ^ ml a p D n *l> kl )el 
+ (ip 52 a mn D m iP nl - e 2 ^ x u mn D m ^ n2 ) + {e 2 ip m2 a mn D n il; 51 - tfj ml a mn D n tfj 52 ) 

- y [s 2 q 3 ( (T/W™> n i + ^ m ia mn tpn2) el + % (ip m2 a m ip 52 - tp ml a m ip 51 ) ) 

+qu{ {^mi^ni - s 2 ^ m2 l? nn ^ n2 ) ef + i (</wa"V 52 + £ 2 ^ m2 <7™V>5i) ) 

\/6 - \/6 — — 

- —ie\F mh (e 2 ip m2 ip 51 ~ VmiVta) + —iF m5 e mnpq (e 2 ip p2 a n ip q2 + tp pl a n ^ gl ) 



2 q 3 ^ m 2^nl + ^mXO mU ^ n2 ) + q 12 (fml^nl + £ 2 ^ m2 ^ Wn Vn2) 



:(^ m2 a mn D^ nl - ^ ml a mn D^ n2 ) + 2^ ml a mn ^ n2 5(z) + h.c. 



(B.9) 



16 



and the supersymmetry transformations are 

*(^>52+^l^>5l) + h -C. 
r]2lpml ~ Vl^m2 + h.C. 
S 2 V2lp51 ~ Vli>52 + h.C. 



5e a 5 
Set 



Set 



5B m 



where 



\/6 

1- y- (^m2Vl ~ ^ml^) + h.C. 

y/E 

(^52Vi ~ £ 2 i>5iV2) + h.c. 

2 

2D m r/i + i\a m (e 2 q 3 rj 2 + q* 12 Vx) T^eijF™ 5 (a mn + g mn ) rjt 

V6 

2- D m ^2 + «Aa m (5377! - gi2%) - -j=ic b F n (a mn + # mn ) r/ 2 

2 

2e- 1 J D 5 r/ 1 + A(eij - v / 6^ 5 )(g 3 r/ 1 - g* 2 r/ 2 ) - — F mb a m rj 2 

2 

2^5772 - A(e^ - VQiB 5 ){e 2 q 3 r] 2 + q^) + —F^a^i + 4t] 2 5{z) 



(B.10) 



D m r} x = D m r} x + -eu ma - 5 a a f] 2 , D m r] 2 = D m r) 2 - -e~ ^§(7%, (B.ll) 



and similarly for other covariant derivatives, according to ( A. 13 ). (The corresponding 
expressions before the redefinition (2.5) are obtained by setting e = 1 and dropping the 
S(z) terms.) 



References 

[1] L. Randall and R. Sundrum, "A large mass hierarchy from a small extra dimension," 
Phys. Rev. Lett. 83, 3370 (1999); "An alternative to compactification," Phys. Rev. 
Lett. 83, 4690 (1999). 

[2] R. Altendorfer, J. Bagger and D. Nemeschansky, "Supersymmetric Randall- Sundrum 
scenario," Phys. Rev. D 63, 125025 (2001); 

J. Bagger, D. Nemeschansky and R. J. Zhang, "Supersymmetric radion in the 
Randall-Sundrum scenario," JHEP 0108, 057 (2001). 

[3] T. Gherghetta and A. Pomarol, "Bulk fields and supersymmetry in a slice of AdS," 
Nucl. Phys. B 586, 141 (2000). 

[4] A. Falkowski, Z. Lalak and S. Pokorski, "Supersymmetrizing branes with bulk in 
five-dimensional super gravity," Phys. Lett. B 491, 172 (2000); "Four dimensional 
super gravities from five dimensional brane worlds," Nucl. Phys. B 613, 189 (2001). 



17 



[5] E. Bergshoeff, R. Kallosh and A. Van Proeyen, "Supersymmetry in singular spaces," 
JHEP 0010, 033 (2000). 

[6] M. Zucker, "Supersymmetric brane world scenarios from off-shell supergravity," Phys. 
Rev. D 64, 024024 (2001). See also T. Fujita, T. Kugo and K. Ohashi, "Off-shell 
formulation of supergravity on orbifold," Prog. Theor. Phys. 106, 671 (2001). 

[7] E. Cremmer, "Supergravities In 5 Dimensions," in Superspace and supergravity, 
S.W. Hawking and M. Rocek eds., Cambridge University Press, 1981, pp. 267-282; 
A. H. Chamseddine and H. Nicolai, "Coupling The SO(2) Supergravity Through Di- 
mensional Reduction," Phys. Lett. B 96, 89 (1980); 

R. D'Auria, E. Maina, T. Regge and P. Fre, "Geometrical First Order Supergravity 
In Five Space-Time Dimensions," Annals Phys. 135, 237 (1981); 
M. Gunaydin, G. Sierra and P. K. Townsend, "The Geometry Of N=2 Maxwell- 
Einstein Supergravity And Jordan Algebras," Nucl. Phys. B 242, 244 (1984); "Gaug- 
ing The D = 5 Maxwell-Einstein Supergravity Theories: More On Jordan Algebras," 
Nucl. Phys. B 253, 573 (1985); 

A. Ceresole and G. Dall'Agata, "General matter coupled N = 2, D = 5 gauged su- 
pergravity," Nucl. Phys. B 585, 143 (2000). 

See also H. Nishino and S. Rajpoot, "Alternative N = 2 supergravity in singular five 
dimensions with matter/gauge couplings," Nucl. Phys. B 612, 98 (2001). 

[8] J. Strathdee, "Extended Poincare Supersymmetry," Int. J. Mod. Phys. A 2, 273 
(1987). 

[9] P. Brax, A. Falkowski and Z. Lalak, "Non-BPS branes of supersymmetric brane 
worlds," Phys. Lett. B 521, 105 (2001). 

[10] N. Kaloper, "Bent domain walls as braneworlds," Phys. Rev. D 60, 123506 (1999); 
T. Nihei, "Gravity localization with a domain wall junction in six dimensions," Phys. 
Rev. D 62, 124017 (2000). 

[11] P. Breitenlohner and D. Z. Freedman, "Stability In Gauged Extended Supergravity," 
Annals Phys. 144, 249 (1982). 

[12] J. Bagger, F. Feruglio and F. Zwirner, "Brane induced supersymmetry breaking," 
JHEP 0202, 010 (2002). 

[13] T. Gherghetta and A. Pomarol, "A warped supersymmetric standard model," Nucl. 
Phys. B 602, 3 (2001); 

D. Marti and A. Pomarol, "Supersymmetric theories with compact extra dimensions 
in N = 1 superfields," Phys. Rev. D 64, 105025 (2001). 

[14] J. Bagger and D. Belyaev, to appear. 

[15] J. Wess and J. Bagger, Supersymmetry and Supergravity, 2nd Edition, Princeton 
University Press, 1992. 



18 



